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Overview

Q Problem statement
e Helstrom’s theorem, SIC-POVM

e Simplest case and overlap with earlier works
@ Detour: in what other ways is it optimal?

@ General solution with qutrit highlight

e Tomographical power and experimental implementation

e Summary
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What are we looking for?

@ The basic task in the work is to find bases with optimal distinguishability between
any pair of states.
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What are we looking for?

@ The basic task in the work is to find bipartite bases of dimension N? with optimal
single-sided distinguishability between any pair of states.

@ Simple enough, right?

@ However, once we add several additional restrictions the problem becomes not
really simple at all!
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Helstrom’s theorem

@ The premise of distinguishability is based on the Helstrom theorem for
distinguishability
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Helstrom’s theorem

@ The premise of distinguishability is based on the Helstrom theorem for
distinguishability

Theorem (Helstrom’s theorem)

Given two arbitrary quantum states p,c € Qy, the probability of distinguishing between

the two in a single-shot experiment is upperbound by

1 1
p < 2(1 +thr(p,G)>,

which is saturated by measurement based on eigenvectors of the difference of the
quantum states, p — o given by measurement operators

Py =Y |2}l Ps= Y |4)Ail, Po=1-P,—Ps.
Ai>0 A4<0

(1)
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Helstrom’s theorem

@ Applied to two states from an orthonormal basis, the result is trivial, as p <1 and the
states can be distinguished with certainty.
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Helstrom’s theorem

@ Applied to two states from an orthonormal basis, the result is trivial, as p <1 and the
states can be distinguished with certainty.

@ The same statement for the reductions to Alice’s subspace pa; = Trg|i){i| and
likewise for Bob’s, turns out to be nontrivial.
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@ Take the standard computational basis on dimension N2, |ij) = |/) ®|j). It yields only
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Helstrom’s theorem

@ Applied to two states from an orthonormal basis, the result is trivial, as p <1 and the
states can be distinguished with certainty.

@ The same statement for the reductions to Alice’s subspace pa; = Trg|i){i| and
likewise for Bob’s, turns out to be nontrivial.

@ Take the standard computational basis on dimension N2, |ij) = |/) ®|j). It yields only
N distinguishable points in reductions!

@ With setting a restraint that any two states should be equally distinguishable in

reductions,

Du(pai,paj) = D(1— &) (3)
for some constant D we see, that we are actually looking for maximal regular
simplices.
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Helstrom’s theorem

Applied to two states from an orthonormal basis, the result is trivial, as p < 1 and the
states can be distinguished with certainty.

The same statement for the reductions to Alice’s subspace ps; = Trg|i){i| and
likewise for Bob’s, turns out to be nontrivial.

Take the standard computational basis on dimension N2, |ij) = |i)® |j). It yields only
N distinguishable points in reductions!

With setting a restraint that any two states should be equally distinguishable in
reductions,

Du(pai,paj) = D(1— &) (3)
for some constant D we see, that we are actually looking for maximal regular
simplices.

This seems to be reminiscent of...

Jakub Czartowski (UJ WFAIIS) Bipartite quantum measurements (...) KCIK Symposium, May 21, 2021 5/20



SIC-POVMs

° SIC-POVMs, one of the most prominent simplicial structures in
quantum information.
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SIC-POVMs

° SIC-POVMs, one of the most prominent simplicial structures in
quantum information.

@ A SIC in dimension N is defined by a set of N? states {]1//,->}f\f1 such that their

Ovel'laps are constant,
1+ N5,‘j

[(iolio) * = (4)
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SIC-POVMs

° SIC-POVMs, one of the most prominent simplicial structures in
quantum information.

@ A SIC in dimension N is defined by a set of N? states {]1//,->}f\f1 such that their
overlaps are constant,
1+ Ng;
L2 ij
= . 4
olio)l” =~ (4)

@ A simplest example of SIC-POVM is the one for a qubit,

|1o>=<g> \%)Z\%(\}é) |30>=\}§( 21e"237> 40) = }(f;"?») (5)
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The simplest example — Gisin’'s EJM

@ First example of our optimal bases is rather simple to write down, using
A= }<2+ \/5) and orthogonal complements, (jo|i;) = 0,
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The simplest example — Gisin’'s EJM

@ First example of our optimal bases is rather simple to write down, using
A= %<2+ \fS) and orthogonal complements, (g|i;) =0,

1) = VA1) @[10) = VI—-2[11) ®|11)
y2) = VA |20) ®[20) — /1= 2[21) ® [24)
W) = VA |30) @ [4o) — /1 2[31) ® |41)
ya) = VA |40) ®[30) — V1= 2[41) ® [31).

®|14

>.)
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The simplest example — Gisin’'s EJM

@ First example of our optimal bases is rather simple to write down, using
A= %(2+ \fS) and orthogonal complements, (ig|i1) =0,

i) =VA[lo)®[15) — VI-A[1) @17
ya) = VA[20) ®125) — V1-A[2) @ [2])
lys) = VA [30) ®(35) — V1 —2[31) ®37)
ya) = VA |40) @ 45) — V1= 2 141) ® |47) (6)

//*> as component-wise complex conjugate.
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The simplest example — Gisin’s EJM

@ First example of our optimal bases is rather simple to write down, using
A= %(2+ \fS) and orthogonal complements, (ig|/1) =0,

vi) = VA i) ® lig) — V1 =2 i) ® i) (6)

using /j*> as component-wise complex conjugate.
@ It turns out that this solution is exactly the same as Elegant Joint Measurement
introduced earlier by Gisin in the context of quantum networks and bilocality.
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One more way EJM is optimal

@ Stumbling upon EJM, we asked: in what other way is it optimal?
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One more way EJM is optimal

@ Stumbling upon EJM, we asked: in what other way is it optimal?
@ One can interpret it as a unitary operation U, and investigate its entangling power e,

and gate typicality g;, defined in terms of gate entropy E(U)
E(U)+E(US)-E(S E(U)-E(US)+E(S
ep(U) = EW)+ E((g)) () - EW) zé(S)H )

with S being the SWAP gate and the gate entropy E(U) =1 15 Z,N21 AZ(U ) is
expressed in terms of the reshuffled matrix.

Jakub Czartowski (UJ WFAIIS) Bipartite quantum measurements (...) KCIK Symposium, May 21, 2021



One more way EJM is optimal

@ Stumbling upon EJM, we asked: in what other way is it optimal?

@ One can interpret it as a unitary operation U, and investigate its entangling power e,
and gate typicality g;, defined in terms of gate entropy E(U)

E(U)+ E(US) - E(S) E(U)— E(US)+E(S)

with S being the SWAP gate and the gate entropy E(U) =1 15 Z,N21 AZ(U ) is
expressed in terms of the reshuffled matrix.

@ Turns out U, is related to a B gate,

1 0 0 O
o L L o
_ NV
B_0001 (8)
i1
0 7% v O

shown to be optimal in terms of implementing nonlocal gates, which is closest to a
bi-unitary gate, which does not exist for two qubits.
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The “almost” general solution

@ We found that whenever there exists a SIC-POVM {|i0>}ff1, one can construct a
corresponding bipartite basis

v = VA o) ) — | ’LZ\

where (ig|ip) = Oap
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The “almost” general solution

@ We found that whenever there exists a SIC-POVM {|i0>}ff1, one can construct a
corresponding bipartite basis

/ 7L
i) = VA ip) )ig) — Z‘
where (ig|ip) = Oap

@ The maximal Schmidt coefficient, directly related to maximal trace distances, is given
by

(9)

N —NZ-_N+2(N-1)VN+1+2

A N3

(10)
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The “almost” general solution

@ We found that whenever there exists a SIC-POVM {|i0>}ff1, one can construct a
corresponding bipartite basis

/ 7L
i) = VA ip) )ig) — Z‘
where (ig|ip) = Oap

@ The maximal Schmidt coefficient, directly related to maximal trace distances, is given
by

(9)

N3 —N2 -N+2(N—-1)V/N+1+2
A= 5 (10)

@ Such bases are optimal among the analyzed class of "locally-simplex” bases and are
conjectured to be optimal among all possible bases.
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The “almost” general solution

@ We found that whenever there exists a SIC-POVM {|i0>}ff1, one can construct a
corresponding bipartite basis

/ 7L
i) = VA ip) )ig) — Z‘
where (ig|ip) = Oap

@ The maximal Schmidt coefficient, directly related to maximal trace distances, is given
by

(9)

N3 —N2 -N+2(N—-1)V/N+1+2

@ Such bases are optimal among the analyzed class of "locally-simplex” bases and are
conjectured to be optimal among all possible bases.

@ Also an important takeaway is that

A=

lim A =1 (11)

N—eo

so in the limit of large dimension such a basis is approaching a tensor product of two
independent local SIC-POVMs.
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Example for qutrits

e For qutrits, the maximal Schmidt coefficient is A = 3.

Jakub Czartowski (UJ WFAIIS) Bipartite quantum measurements (...) KCIK Symposium, May 21, 2021 11/20



Example for qutrits

@ For qutrits, the maximal Schmidt coefficient is A = 27
@ We start from a standard form of SIC-POVM for quitrits...
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Example for qutrits

@ For qutrits, the maximal Schmidt coefficient is A = 27
@ We start from a standard form of SIC-POVM for quitrits...
@ But first, let us start from a clock notation showcase

Vro'

sothatYr=1
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Example for qutrits

@ For qutrits, the maximal Schmidt coefficientis A = 27
@ We start from a standard form of SIC-POVM for quitrits...
110} |20} |30) |40) 50}

(60) 70} (80} 190)
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Example for qutrits

e For qutrits, the maximal Schmidt coefficient is A = 3.
@ We start from a standard form of SIC-POVM for quitrits...
@ ...and arrive at the desired basis for qutrits

(v 10v2 0 0 0 -2y/2 0 0 0 —2y2
(v v2  -3ive 0 36 7v2 0 0 0 22
(ys] v2  3ivE 0 -3iWE 7v2 0 0 0 -22
(wal 1 V2  3v2 8 3/2 2 6 6 6 4v2
U=|wl|=—=| v2 -3v2 6 32 v2 6 6 -6 42| (12
(v 6VB| v2 3/2 60 3v2 V2 6o 60® 602 42
(w7l V2 3vV2 6w? 3V2 V2 602 60 6o 42
(wel V2 -3V/2 6o -3V2 V2 6w 602 602 42
{vsl V2 —3V2 6?2 -3V2 V2 602 60 6w 42

with @ = exp(i2r/3).
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Example for qutrits

e For qutrits, the maximal Schmidt coefficient is A = 3.
@ We start from a standard form of SIC-POVM for quitrits...
@ ...and arrive at the desired basis for qutrits

ly1) |y2) 2y |Ws)

|we) [w7) |ws) [wo)
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Maximally entangled counterpart

@ For qutrits, it is also possible to construct a maximally entangled basis of a similar
form, given by

2 0 0 0 -2 0 0 0 -2
1 -iv3 0 W3 1 0 0 0 -2
1 i3 0 -iv3 1 0 0 0 -2
R V2 1 -1 V2 V2 V2
Uy=——| -1 —1 v2, -1 1 -2 2 @ 2 (12)
23| 4 4 w2 1 1 V2 oV V2

-1 1 0?2 1 -1 ov2 o?V2 w?/2
-1 -1 o2 -1 -1 -0v2 ?’v2 -0?V2

0

0

0

-1 1 o®v2 -1 -1 —-?V2 ov2 -ov2 0
0

0
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Maximally entangled counterpart

@ For qutrits, it is also possible to construct a maximally entangled basis of a similar
form, given by

[w1) [w2) [ws) [@a) |ws)

|we) lw7) [ws) [wo)
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Maximally entangled counterpart

@ For qutrits, it is also possible to construct a maximally entangled basis of a similar
form, given by
{2y, lp2) l@s) |@a) |@s)

|we) lw7) [ws) [wo)

@ Interms of (ep, gt), it gives different points depending on the permutation of vectors,
with some of them yielding the extreme point (1,1/2), corresponding to the 2-unitary
matrix.
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Tomographical power of the introduced bases

@ From the point of view of a single-party reduction, the states can be viewed as noisy

SIC-POVM.
1-2

NA—1 . .
TralyiXvil = pi = N1 |io)(lo| + WH' (12)
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Tomographical power of the introduced bases

@ From the point of view of a single-party reduction, the states can be viewed as noisy

SIC-POVM. NI 1 12
TralyiXvil = pi = N1 |io)(lo| + WH' (12)
@ This provides a tomographical power to such a measurement, with a linear
reconstruction formula with 5; = % p; and p; = Tr(c;),

_(N—1)2N(N+1)Ni o 244N (224 1)N-f
CT T AN—1E  &PPi (AN—1)2

i=1

I (13)
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Tomographical power of the introduced bases

@ From the point of view of a single-party reduction, the states can be viewed as noisy

SIC-POVM. NI 1 12
TralyiXvil = pi = N1 |io)(lo| + WH' (12)
@ This provides a tomographical power to such a measurement, with a linear
reconstruction formula with 5; = % p; and p; = Tr(c;),

CNIPNNE D) 24 NP (AP 1) N -
@ This simplifies for qubits to
4
. 3
c=8) pifi— I (14)
i=1
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Tomographical power of the introduced bases

@ From the point of view of a single-party reduction, the states can be viewed as noisy

SIC-POVM. NI 1 12
TralyiXvil = pi = N1 |io)(lo| + WH' (12)
@ This provides a tomographical power to such a measurement, with a linear
reconstruction formula with 5; = % p; and p; = Tr(c;),

CNIPNNE D) 24 NP (AP 1) N -
@ This simplifies for qubits to
4
. 3
c=8) pifi— I (14)
i=1

@ Errors from such scheme are approximately 4/3 times the ones for SIC-POVM.
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Gate implementation

@ In order to implement our scheme, we have resorted to decomposition of the gate
into local gates V;, W; and the nonlocal gate U,

U= (Vi@ V2)Us(Wr © Wa) (15)
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Gate implementation

@ In order to implement our scheme, we have resorted to decomposition of the gate
into local gates V;, W; and the nonlocal gate U,

@ U, is expressable using 3 CNOT gates and 3 additional local rotations

)

with a = 7, B = 0 and y = —Z for implementation of EJM.

Vy

U= (Vi® Vo)Uc(W @ Wa)

Vo

W,

Ry(B) 1 Ry(y)

W,

(15)

7
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The implementation on IBM machines

@ We have tested the tomographical scheme using the open access IBM Quantum
Experience quantum computers.
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The implementation on IBM machines

@ We have tested the tomographical scheme using the open access IBM Quantum
Experience quantum computers.

@ In particular, we have used IBM Melbourne 15-qubit and Oursense 5-qubit machines,
using 8192 shots for each reconstruction.
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The implementation on IBM machines

@ We have tested the tomographical scheme using the open access IBM Quantum
Experience quantum computers.

@ In particular, we have used IBM Melbourne 15-qubit and Oursense 5-qubit machines,
using 8192 shots for each reconstruction.

@ As the target states of reconstruction, we have used the standard set of MUBs for a

single qubit,
O w0 A H0) G

()
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The implementation on IBM machines

@ We have tested the tomographical scheme using the open access IBM Quantum
Experience quantum computers.

@ In particular, we have used IBM Melbourne 15-qubit and Oursense 5-qubit machines,
using 8192 shots for each reconstruction.

@ As the target states of reconstruction, we have used the standard set of MUBs for a

single qubit,
O w0 A H0) G

1
0
@ As a measure of goodness of reconstruction, we have used a simple expression
VTrAc? = \/Tr(ctheor - Gexp)z (17)

achieving v Tr Ac2 ~ 0.027 in simulations and v Tr Ac2 ~ 0.177 in real world
implementation
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— Input states

—— Reconstructed states - IBM Simulation
— Reconstructed states - IBM Melbourne

—— Reconstructed states - IBM Oursense

Jakub Czartowski (UJ WFAIIS)

Bipartite quantum measurements (...)

KCIK Symposium, May 21, 2021 17/20



@ We introduce a new class of bipartite basis in dimensions N2, for which the pairwise
single-sided distinguishability is optimal.

Jakub Czartowski (UJ WFAIIS) Bipartite quantum measurements (...) KCIK Symposium, May 21, 2021 18/20



@ We introduce a new class of bipartite basis in dimensions N2, for which the pairwise
single-sided distinguishability is optimal.

@ We conjecture that their existence is directly related to the existence of SIC-POVM in
dimension N.
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@ We introduce a new class of bipartite basis in dimensions N2, for which the pairwise
single-sided distinguishability is optimal.

@ We conjecture that their existence is directly related to the existence of SIC-POVM in
dimension N.

@ For qubits, N = 2, we find our solution to be equivalent to EJM, introduced earlier by
Gisin in the context of nonlocal quantum networks and show it is optimal in the
(ep, gt) plane.
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@ We introduce a new class of bipartite basis in dimensions N2, for which the pairwise
single-sided distinguishability is optimal.

@ We conjecture that their existence is directly related to the existence of SIC-POVM in
dimension N.

@ For qubits, N = 2, we find our solution to be equivalent to EJM, introduced earlier by
Gisin in the context of nonlocal quantum networks and show it is optimal in the
(ep, gt) plane.

@ A maximally entangled member of the introduced family for qutrits, N = 3, proves to
be closely related to a unitary operation with maximal entangling power, e, = 1.
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@ We introduce a new class of bipartite basis in dimensions N2, for which the pairwise
single-sided distinguishability is optimal.

@ We conjecture that their existence is directly related to the existence of SIC-POVM in
dimension N.

@ For qubits, N = 2, we find our solution to be equivalent to EJM, introduced earlier by
Gisin in the context of nonlocal quantum networks and show it is optimal in the
(ep, gt) plane.

@ A maximally entangled member of the introduced family for qutrits, N = 3, proves to
be closely related to a unitary operation with maximal entangling power, e, = 1.

@ We show that the introduced bases possess a tomographical power when
considered from a point of view of a single party.
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@ We introduce a new class of bipartite basis in dimensions N2, for which the pairwise
single-sided distinguishability is optimal.

@ We conjecture that their existence is directly related to the existence of SIC-POVM in
dimension N.

@ For qubits, N = 2, we find our solution to be equivalent to EJM, introduced earlier by
Gisin in the context of nonlocal quantum networks and show it is optimal in the
(ep, gt) plane.

@ A maximally entangled member of the introduced family for qutrits, N = 3, proves to
be closely related to a unitary operation with maximal entangling power, e, = 1.

@ We show that the introduced bases possess a tomographical power when
considered from a point of view of a single party.

@ We demonstrate this tomographic power by realizing the qubit scheme in IBM
computers.
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Thank you for your attention!
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